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Negativity in certain quasiprobability representations is a necessary condition for a quantum com-
putational advantage. Here we define a new quasiprobability representation exhibiting this property
with respect to quantum computations in the magic state model. It is based on generalized Jordan-
Wigner transformations, and it has a close connection to the probability representation of universal
quantum computation based on the A polytopes. For each number of qubits, it defines a polytope
contained in the A polytope with some shared vertices. It leads to an efficient classical simulation
algorithm for magic state quantum circuits for which the input state is positively represented, and
it outperforms previous representations in terms of the states that can be positively represented.

I. INTRODUCTION

Quasiprobability representations serve as a bridge be-
tween classical and quantum descriptions of physical sys-
tems, with negativity serving as an indicator of genuinely
quantum behaviour and the fragment of quantum the-
ory that is positively represented behaving more classi-
cally [TH3].

Gross’ discrete Wigner function [4, [5]—a quasiprob-
ability representation for systems of odd-dimensional
qudits—has been particularly useful in describing quan-
tum computations in the magic state model. In fact,
Veitch et al. [6] showed that negativity in this represen-
tation is a necessary condition for a quantum computa-
tional advantage over classical computation. This result
is obtained by defining an efficient classical simulation al-
gorithm for magic state quantum computations that ap-
plies whenever the input state of the quantum circuit has
a nonnegative representation. In the last decade, many
other quasiprobability representations have been defined
which also exhibit this property [7THI3].

This viewpoint relating negativity and quantum com-
putational advantage was disrupted in Refs. [14, [15]
where a fully probabilistic model describing universal
quantum computation was defined. In this model, all
quantum states are represented by a probability distri-
bution over a finite set of hidden states, and all compu-
tational dynamics are represented by stochastic state up-
date rules—mno negative quasiprobabilities are required.
However, this circumvention of negativity comes at a
cost: it can no longer be guaranteed that the update rules
are efficiently computable classically. Thus, although this
model yields a classical simulation algorithm for universal
quantum computation, the simulation is likely inefficient
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in general (as would be expected for any classical simu-
lation of universal quantum computation).

The ultimate question for these classical simulation
methods based on quasiprobability representations is:
Where runs the line between efficient and inefficient clas-
sical simulation, and which physical or mathematical
property determines it? For qubits, so far it is known
that this dividing line lies somewhere between the quan-
tum computations covered by the so-called CNC (closed
and noncontextual) construction [I2], and the universal
quantum computations described by the A polytopes [14]
(see Fig. [).

In this work, we enlarge the known region of efficient
classical simulability inside the A-polytopes. Specifically,
we define a new quasiprobability representation interme-
diate between those of the CNC construction and the A-
polytopes. This model has efficiently computable state
update rules under the dynamics of quantum computa-
tion, and it yields an efficient classical simulation algo-
rithm for quantum computations on the subset of input

FIG. 1. The big question about the A polytopes [14, [15] is
where the line between efficient and inefficient classical simu-
lation of quantum computation lies. Here we increase the size
of the known efficiently simulable region. Our construction is
based on Jordan-Wigner transformations, and its range of ap-
plicability includes the earlier CNC construction [12], which
in turn includes the stabilizer formalism [9} [16] [17].
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states that are positively represented. It subsumes the
CNC construction and previous methods such as those
based on quasimixtures of stabilizer states [9]. Thus, we
effectively push out the boundary of quantum computa-
tions that can be efficiently simulated classically.

The model is based on generalized Jordan-Wigner
transformations [18], and its conception was influenced
by the surprising connection to Majorana fermions first
realized in the CNC construction [12]. It was also par-
tially inspired by the techniques of mapping to free
fermions in the simulation of other computational mod-
els such as matchgate circuits [I9], which have recently
received renewed interest [20H23].

The remainder of this paper is structured as follows.
We begin in Section [[] by introducing some notation and
definitions. In Section [[TI] we define the new quasiproba-
bility representation of quantum computation with magic
states. In Section [[V] we describe the behaviour of the
generalized phase space over which this representation is
defined with respect to the dynamics of quantum compu-
tation with magic states, namely, Clifford gates and Pauli
measurements, and we define a classical simulation algo-
rithm for quantum computation with magic states that
applies whenever the input state of the quantum circuit
is positively represented. We also introduce a monotone
for the resource theory of stabilizer quantum computa-
tion [24] for the case where the state is not positively
represented. In Section [V] we elucidate the relationship
between this model and the A polytopes. Finally, we
conclude with a discussion of these results in Section [VI1

II. PRELIMINARIES

The setting of this paper is quantum computation with
magic states (QCM) on systems of qubits [25]. In this
model, computation proceeds through the application of
a sequence of Clifford gates and Pauli measurements on
an initially prepared “magic” input state. For example,
Fig. 2| shows the standard implementation of a T" gate in
this model. In general, the input can be any nonstabilizer
quantum state, but for universal quantum computation
it suffices to consider input states formed from multiple
copies of a single-qubit nonstabilizer state [26]. The out-
put of the computation is derived from the outcomes of
the measurements.

A. Notation

Before proceeding we need to introduce some notation.
The single-qubit Pauli group is the group generated by
the Pauli operators (X,Y,Z). More generally, the n-
qubit Pauli group P is the group of Pauli operators act-
ing on n qubits. It is constructed from tensor products
of single-qubit Pauli operators. Quotienting out overall
phases we have P/Z(P) = Z3" and we can fix a phase
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FIG. 2. Implementation of a T-gate via injection of the
magic state |H) = %(\O) + e™/411)) [27, §10.6]. Since the
Clifford+7T gate set is universal for quantum computation [27},
§4.5], this proves universality of the magic state model, which
allows Clifford gates and Pauli measurements supplemented
with nonstabilizer input states.

convention for the Pauli operators to be
T, =i~ (1) Z(a,) X (a,) (1)

for each a = (ay,a,) € Zy x ZY =: E, where Z(a,) =
R, 2% X(a,) = ®)_, X% and the inner prod-
uct {(a.|a,) is computed modulo 4. The symplectic prod-
uct [-,-] : E X E — Zy defined as

[a,b] = {a.|bs) + {az|b.), Va, b€ E (2)

tracks the commutator of the Pauli operators as T,T;, =
(=) T,. We define a function 3 that tracks the
signs that get picked up by composing pairs of commuting
Pauli operators as

T, T, = (—1)P@0T, 1. (3)

A projector onto the eigenspace of a set of pair-wise
commuting Pauli observables I C FE corresponding to
eigenvalues {(—1)"(®) | a € I} is given by

T ]' ra
I = — > (-1)"1,. (4)
I
| |aEI

The set I C E and the function r : I — Zs must satisfy
a set of conditions in order for II} to be a valid projector.
First, I must be a closed subspace of E. Furthermore,
in order for the observables in I to be simultaneously
measurable they must commute, and so I must be an
isotropic subspace of F—a subspace on which the sym-
plectic form vanishes. We must also have (—1)"()Ty = 1,
or equivalently with the phase convention chosen above,
r(0) = 0. Lastly, for each a,b € I, from the relation
(=)™ @T, - (=1)'®OT, = (=1)"@+OT, ., we must have

r(a) +r(b) +r(a+b) = B(a,b) mod 2. (5)

In the case of a single Pauli measurement a € F yielding
measurement outcome s € Zs, the corresponding projec-
tor is IIf = (1 + (—1)°T,)/2.

A stabilizer state on n-qubits is an eigenstate of a set
of n independent and pair-wise commuting Pauli opera-
tors [16] 28]. In the case I C E is a maximal isotropic
subspace, II7 is a projector onto a stabilizer state.

The gates of QCM are drawn from the Clifford group—
the normalizer of the Pauli group in the unitary group up



to overall phases: Cf := N(P)/U(1). The Clifford group
acts on the Pauli group as

9Tog" = (-1)* 9Ty ,,Vg € Cl,Va € E, (6)

where for each g € C¢, Sy is a symplectic map on E (i.e.
a linear map that preserves the symplectic product), and
®, is a function defined through this relation to track the
signs that get picked up in the Clifford group action.

The functions 8 and ®, above have a cohomological
interpretation defined in Ref. [29] that relates them to
proofs of contextuality. This was further elucidated in
Ref. [30] which relates them to Wigner functions describ-
ing quantum computation with magic states.

In the following, we use the notation O for a general
subset of E (labels for a subset of Pauli operators), and
O* for the set O\ {0} of nonidentity Pauli operators in
O. O+ :={a € E | [a,b] = 0 Vb € O} is the symplec-
tic complement of O. We denote by Herm(#) the space
of Hermitian operators on Hilbert space H, and unless
otherwise specified, H = (C2)®" is the n-qubit Hilbert
space. Herm; () is the affine subspace of Herm(#) con-
sisting of operators with unit trace, and Hermlto(’H) is
the subset of Herm;(H) consisting of positive semidef-
inite operators. Hermlto("H) contains density operators
representing physical quantum states.

B. Previous quasiprobability representations
The CNC construction

Recently, a quasiprobability representation for QCM
was defined based on noncontextual sets of Pauli ob-
servables [12], this is the so-called CNC construction.
Therein, phase space points are identified with pairs
(©,7), where Q C E is a subset of Pauli operators and
v : Q) — Zs is a function on () satisfying two conditionsﬂ

1. Closure under inference. For all a,b € €,
[a,b) =0=a+be . (7)

2. Noncontemtualityﬂ v is a noncontextual value as-
signment on 2. Le. a function v : Q@ — Zy such
that Va,b € Q with [a,b] = 0, we have

~v(a) +v(b) +v(a+b) = B(a,b) mod 2. (8)

Then the phase space point operator associated to
phase space point (€2,7) is defined as

AL = Qin > (=10, (9)

beQ)

L “CNC” is for Closed and NonContextual after these conditions.

2 Implicit in this condition on v there is a constraint on the set
Q, namely, that such a noncontextual value assignment exists.
Because of Mermin square-style proofs of contextuality [31], this
is not guaranteed for general subsets of E.

The terms phase space and phase space point operators
are used in analogy with the phase space and phase space
point operators of the discrete Wigner function [4} [5].
These operators span the space of Hermitian opera-
tors on Hilbert space H = (C?)®" and so any n-qubit
quantum state p can be expanded in these operators as

p="Y_ W,(Qy)A}. (10)
(,7)

It was shown in Ref. [I2] §IV] that the admissible pairs
(€2,7) could be characterized as follows. Let I C E be an
isotropic subspace and let QCE \ I be a subset of Pauli
operators such that [a,b] = 1 for all a,b € Q*. Then the

sets 2 can be expressed as Q = [J,.q(a, I). The signs v

can be chosen freely on Q* and on a basis of I, and then
the signs on the rest of 2 are determined by Eq. .

In simpler terms, the phase space point operators have
the form

Af = g(A @ o) (o])g! (11)

where g € C{ is a Clifford group element, |o) is a sta-
bilizer state, all elements of * pairwise anticommute,
and the signs 4 on 2* can be chosen freely. Interestingly,
a set of pairwise anticommuting Pauli operators has the
same algebraic structure as a set of Majorana fermion
operators and so, modulo the stabilizer state tensor fac-
tor in Eq. , we can view the operator A% as linear
combinations of Majorana operators.

In the case that a state p has a representation in
Eq. with W(Q,~) > 0, V(Q,~), the expansion co-
efficients W (€2,~) define a probability distribution over
the phase space. Phase space point operators of the
form Eq. @ map deterministically to other phase space
point operators under any Clifford gate, and they map to
convex mixtures of these operators under Pauli measure-
ments (see Ref. [12] §V] for details). Further, these state
updates can be computed efficiently on a classical com-
puter. Thus, for QCM computations in which the input
state of the circuit has a nonnegative representation, all
aspects of the computation are represented probabilisti-
cally by the model. If samples can be obtained efficiently
from the distribution W (€2,~), then the model yields an
efficient classical simulation of the circuit [12, §VI].

The A polytopes

In Ref. [14], a probability representation (or a hid-
den variable model) of quantum computation with magic
states was defined. It has the same structure as a
quasiprobability representation, except for the fact that
no negativity is needed. This representation can be de-
fined for qudits of any Hilbert space dimension [I5], but
we state only the multiqubit version here. The state
space of the model is based on the set

A = {X € Herm; (H)| Tr(|o) (o] X) > 0¥ |o) € S} (12)



where S denotes the set of pure n-qubit stabilizer states.
For each number n of qubits, A is a bounded polytope
with a finite number of vertices [I5]. We denote the ver-
tices of A by {A, | @ € V} where V is an index set. Then
the model is defined by the following theorem.

Theorem 1 (Ref. [14]; Theorem 1). For any number of
qubits n,

1. Any n-qubit quantum state p € Hermlto(?{,) can be
decomposed as

p= Z pp(a)Aom (13)
acV
with py(a) >0 for alla €V, and Y~ pyp(a) = 1.

2. For any A., o €V, and any Clifford gate g € C¢,
gAagt is a vertex of A. This defines an action of
the Clifford group on V as gAng" =: Ag. where

g-acl.
3. For any A, a €V and any Pauli projector 11 we
have
AL =Y gaa(B.5)As. (14)
BeEV

with qa.a(a,s) > 0 for all B €V and s € Za, and
Zg’s Qa,a(ﬁwg) =1.

This theorem describes a hidden variable model for
QCM in which (i) states are represented by probability
distributions p, over V, and (ii) Clifford gates and Pauli
measurements are represented by stochastic maps g - a
and ¢q,,. In this model, no negative values are needed
in the representation of states, gates, or measurements—
it is a true probability representation, but we can no
longer guarantee that the updates under Clifford gates
and Pauli measurements are efficiently computable clas-
sically. Thus, although this representation does give a
classical simulation algorithm for any magic state quan-
tum circuit, the simulation is inefficient in general. An-
alyzing the efficiency of simulation using the A polytope
requires a characterization of its vertices.

To date, only the A polytopes on one and two qubits
have been fully characterized. In addition, some vertices
of A are known for every qubit number. For example, it
is known that the CNC-type phase space point operators
associated to maximal CNC sets are vertices of the A
polytopes [14] [32].

III. MULTIQUBIT PHASE SPACE FROM
JORDAN-WIGNER TRANSFORMATIONS

Below we define a new quasiprobability representation
intermediate between the CNC construction and the full
A polytope model based on newly characterized vertices
of A for every number of qubits. This new model can
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FIG. 3. (a) The complete graph on four vertices K4, and (b)
the line graph of K4 denoted L(K4). The edge between ver-
tices v; and v; in K4 maps to the vertex e; ; in L(K4). Two
vertices in L(K,) share an edge if and only if the correspond-
ing edges of K4 share a vertex.

positively represent more states than the CNC construc-
tion (though not all quantum states as in the case of A),
and it maintains the property of efficiently computable
state update rules for the dynamics of QCM.

A. Line graphs and Jordan-Wigner transformations

The generalized phase space we define will consist of
operators which can be described by quadratic polyno-
mials of Majorana fermion operators. We motivate this
approach by first considering the earlier CNC construc-
tion. As alluded to above, on n-qubits a maximal CNC
set (without stabilizer state tensor factors) is given by
2n+1 pair-wise anticommuting Pauli operators [12} §IV].
Such a set of Pauli operators satisfies the anticommuta-
tion relations

{T,,Tv} =T, Ty + TpTo, = 26ap (15)

which are exactly the relations satisfied by a set of Majo-
rana operators. Thus, under a Jordan-Wigner-like trans-
formation, the maximal CNC operators are given by lin-
ear combinations of Majorana operators. Furthermore,
there is a large body of work studying which operators
can be described via quadratic polynomials of Majorana
operators. In particular, recently it has been shown that
the operators describable in such a way can be identified
by the structure of the graphs describing the anticommu-
tation relations of the operators appearing in their Pauli
basis expansion [I8§].

Given a graph R = (9,€), the line graph of
R, L(R) = (¢,¢), is the graph whose vertex set
is the edge set of R, and whose edge set is & =
{(e1,€2) € € x €Eley Neg # 0}; that is, two vertices in
L(R) are neighbours if and only if the corresponding
edges in R share a vertex. Given a line graph L(R), we
refer to the graph R as the root graph of L(R). See Fig-
ure 3] for an example. We will also use the notion of twin



vertices. Two vertices u,v € U are twin vertices if for
every vertex w € U, (u,w) € € if and only if (v,w) € €.

Let O C E be a subset of Pauli operators. We define
the frustration graph of O, F'(O) = (O, €), to be the
graph with vertices identified with elements of O, and
edges drawn between a,b € O if and only if [a,b] = 1.

We now show that every line graph, L(R), can be re-
alized as the frustration graph of some set of Pauli oper-
ators O [I8] (see Fig. {| for an example). To do this, we
first construct a set of |R| pair-wise anticommuting Pauli
operators. For even |R|, we can find such a set by taking
the standard Jordan-Wigner transformation of Majorana
fermion operators [33]

-1

Caj—1 = (H Zk) X (16)
k=1
j—1

Coj = (H Zk) Y; (17)
k=1

for _j = 1,...,|R|/2. For odd |R|, we use Egs. (16
and on (|R\ —1)/2 qubits and also include the oper-
ator

(IR[-1)/2

Cr= [ 2- (18)
k=1

Now we identify each vertex r in R with an operator
C,. We can then identify each edge (r,s) in R, and
consequently each vertex in L(R), with a Pauli opera-
tor +iC,.Cs. Two Pauli operators +iC,.Cs and +iC,C,,
anticommute if and only if they share exactly one Ma-
jorana operator, but this is equivalent to the associated
edges in R sharing a vertex. Thus, the frustration graph
of this set of quadratic Majorana operators is exactly the
line graph L(R), as desired. Note that this is not nec-
essarily the most efficient way to realize each line graph
as a frustration graph, though it does work for any line
graph.

B. Definition of the generalized phase space
In this work, we are interested in operators with the
following structure.

Definition 1. A Hermitian operator expanded in the
Pauli basis as

1
Ab = o (1 + Z CbTb> (19)
beO*

is a line graph operator if the frustration graph of O* is
a line graph and O* N O+ = ().

We actually wish to be a bit more permissive than re-
quiring the frustration graphs to be exactly line graphs.
In particular, we also want to include operators that
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FIG. 4. An example of a realization of the line graph L(Ks) as
the frustration graph of a set of Pauli operators. (a) First we
find a set of five pair-wise anticommuting Pauli operators, in
this case {X1,Y1, Z1 X2, Z1Y2,Z1Z5}. The frustration graph
of these operators is K5. (b) The set of Pauli operators ob-
tained by taking all products of pairs of operators in this set
has frustration graph L(K5).

have been obtained by tensoring on projectors onto stabi-
lizer states and conjugating by a Clifford operators, as in
Eq. . In this case, the frustration graph will only be
a line graph up to twin vertices [I§]. Suppose we take an
operator which is the tensor product of a projector onto
an m-qubit stabilizer state, |o) (o], and an (n —m)-qubit
line graph operator, A%. Then for each nontrivial Pauli
operator in the expansion of A, there are 2™ associated
vertices in the frustration graph of A% ® |o) (o|. These
vertices will all be pairwise twin vertices. Conversely,
the presence of twin vertices alone does not imply that
the operator factors through a stabilizer state, there are
graphs admitting partitions into equally sized sets of twin
vertices that do not correspond to such a tensor product
decomposition. In the formalism we include stabilizer
states via explicit tensor factors, and these are tracked
separately in the classical simulation algorithm described
below.

In order for a model constructed from operators with
the above structure to correctly reproduce the quantum
mechanical predictions for all sequences of Pauli measure-
ments, they must be in the A polytopes [14]. Otherwise,
the model could predict negative quasiprobabilities for
some sequences of Pauli measurements, and the model
could fail to be closed under Pauli measurement. With-
out any more constraints, this defines an infinite set of
operators for each number of qubits since the coefficients
in Eq. can vary continuously. For the purpose of
defining the generalized phase space of our model, we fo-
cus our attention on a finite subset of these operators.
We choose this set in the following way. Let O be a set
of Pauli operators such that the frustration graph of O*
is a line graph and O* N O+ = (). The operators of the
form Eq. with support O form an affine subspace of



Herm; (H). Intersecting the polytope A with this affine
subspace defines a new polytope with a finite number of
vertices, and when interpreted as a polytope embedded
in the same space as A with the Pauli coefficients of E\ O
equal to zero, it is contained in A. Let V» be the index
set for these vertices. We define an initial generalized
phase space to be the set Vg := |Jn Vo, where we allow
the support O to vary over all inclusion-maximal sets of
Pauli operators with line graphs as frustration graphs.

Finally, we define our generalized phase space V to be
the phase space V¢, augmented with stabilizer state ten-
sor factors and conjugation by Clifford operators, anal-
ogous to Eq. . This augmentation of the line graph
operators is natural for our purposes since tensoring on
stabilizer states and conjugating by Clifford operators
does not increase the cost of classical simulation of quan-
tum computation [29], and furthermore, arises naturally
since we allow Clifford gates and Pauli measurements in
the computational model.

To summarize, the set of phase space point operators
corresponding to our generalized phase space V is the set
of all operators that can be constructed by the following
procedure:

1. Start by defining a support O such that F(O*) is
a line graph and O* N O+ = (), and O is inclusion
maximal relative to this property.

2. Intersect A with the subspace of Herm; (H) spanned
by the operators in O*, choose an extreme point A%
of this polytope.

3. Choose a stabilizer state |o) € S and a Clifford gate
g € C4, return

6= 9(A5 ®|0) (o])g" (20)
as the phase space point operator.

Such an operator can be uniquely labeled by its support
O in the Pauli basis and the corresponding Pauli basis
coefficients ¢, or equivalently, by the support O and co-
efficients ¢ together with a description of the stabilizer
state |o) and the Clifford group element g.

With these conditions defining the generalized phase
space V, any state p can be decomposed as

pP= Z WP(Ovc)A?W (21)
(0,c0)eV

with real coefficients satisfying >, . W(O,c) = 1. The
function W,(0O, ¢) constitutes the representation of states
in the model. Note that since the phase point operators
are over-complete, this representation is not unique. It
is generally preferable to choose a representation that
minimizes the amount of negativity as measured by the
I-norm of the coefficients W,(O,¢) [8]. This can be ob-
tained through linear programming.

In the second step of the procedure above defining the
generalized phase space V, we take extreme points from

an intersection of the relevant A polytope. Including only
extreme points in this way is convenient for the purpose
of representing quantum states in Eq. since it means
YV is finite for each number of qubits. However, this ex-
tremal property is not necessary for the classical simu-
lation algorithm in the next section. We introduce the
notation V to be the index set corresponding to the set
of all operators of the form Eq. , which are in A and

for which the support O has a line graph structure.

IV. EXTENDED CLASSICAL SIMULATION

The goal of this section is to show that the generalized
phase space constructed in Section [[I])is closed under the
dynamics of quantum computation with magic states—
Clifford gates and Pauli measurements. This allows us
to define a classical simulation algorithm for quantum
computation with magic states in Section [V C]

A. Closure under Clifford gates

First we consider the action of the Clifford group on
the generalized phase space V. We have the following
lemma.

Lemma 1. For any line graph operator A% in A, and
any Clifford group element g € C{, the operator gA%gJr
is a line graph operator in A.

Proof of Lemmal[ll Let A¢) be an operator of the form
Eq. , where the frustration graph of the Pauli opera-
tors in O* is a line graph and the coefficients ¢ are chosen
so that AZ, is in A.

For any Clifford operation g € C¢, we have

1
c t_ 1 t
949" =5, D aglig
beO*
1 "
=0 Z ap (1) 0Ty, = ATG,. (22)
beO*

This defines an action of g on the support O as
g-O={S5b|be O}, (23)
and on the coefficients ¢ as
(9-0)s,6 = cp(=1)" . (24)

Since A is closed under Clifford operations [14], if A, is
in A then AJ7, is also in A. Since Clifford operations
preserve commutation relations of Pauli operators, the
frustration graph of g - O* is isomorphic to that of O*.
Thus, if the frustration graph of O* is a line graph then
so is the frustration graph of g - O*. O

Corollary 1. The phase spaces V and V are each closed
under Clifford group operations.



This corollary follows immediately from Lemma[I] and
from the definitions of V and V. In fact, this corollary
follows immediately from the definitions even without
Lemma [l The point of introducing Lemma [I]is to note
that there is some freedom in how we choose to represent
phase space point operators, by absorbing Clifford group
elements into the coefficients of the line graph operator
part via Egs. and . This freedom will become
useful in describing the update of the phase space un-
der Pauli measurements in the next section, and in the
classical simulation algorithm in Section

Corollary 2. The set of states positively representable
by V in Eq. is closed under Clifford group operations.

This follows immediately from Corollary [I| by consid-
ering the action of a Clifford group element g € C¢ on
a nonnegative decomposition of a state p of the form
P = acy Wp(a)Ay. Conjugating by g on the left-hand
side gives the state gpg', and on the right-hand side we
obtain a nonnegative decomposition of gpg' in terms of
phase point operators of the phase space V.

B. Closure under Pauli measurements

Now we consider the effect of Pauli measurements with
respect to the generalized phase space V (or V). First,
consider the action of a Pauli projector II7, correspond-
ing to a Pauli measurement Ty, a € E, yielding measure-
ment outcome s € Zs, on a phase space point operator
A%, (O,¢) € Vig (or V). This is the content of the
following lemma.

Lemma 2. For any line graph operator A%, (O,c) €
Via, and any Pauli projector 1L, we have

’ @707 1/2, otherwise.

2. If Tx(II;A%) > 0 then, up to normalization,
II; AGIIS is a phase space point operator of V, and
if Te(II3 AG) = 0 then ITS AGITE =0

Proof of Lemma[3 The first statement of the lemma fol-
lows from a direct calculation.

TH(ABTE) =gy 3 e [T(Ty) + (~1)° To(T, )]
beO

=% D e [Gh0 + (—1)%6,0]
beO
— {(1 +(—1)%cq)/2, if a € O,

25
1/2, otherwise. (25)

Here in the second line we use the orthogonality relations
of the Pauli operators Tr(T,7}) = 2™,

For the second statement of the lemma, we take each
case separately. First, assume Tr(II3A%) > 0. Then
conjugating Ag, by the projector II we have

S C S 1 S
AT, =55 > ol + TuTyTo + (—1)° (TuTy + TyTa)]
beO

1
=on > T+ (-1)°T.T)

beONat

clona
=II; A, 004" (26)
Using Witt’s lemma [34], we can find a Clifford group
element g1 € C{ (depending on a and s) such that
gIHZgl = Hgn and gIAgﬁf;‘f g1 = A% ® 1. Here A%
is an operator on n — 1 qubits. Then we have

s Ac 175 — 115 AClonat
IT; AGIL =110 A

oot = g1(AG ® g} (27)

In this last expression, I19 is a single-qubit Pauli projec-
tor. The frustration graph of O* is isomorphic to that of
(ONat)* which is a subgraph of the frustration graph of
O*. Line graphs are closed under induced subgraphs [35],
and so since the frustration graph of O* is a line graph,
the frustration graph of O* is also a line graph. Since A
is closed under Pauli measurements, up to normalization
II5 ASTIS s in A. Thus, (O,¢) € Vi, and the operator
IT; AGIIZ is a phase space point operator of V.

For the second case, assume that Tr(II$ A%) = 0, that
is, ¢, = (—1)**1. Following the same calculation as in
the previous case,

1
I3 ABTL =

= oo S ol + (1) T.T). (28)

beONat

Le., the support of II5 AGII; is contained in the union of
OnNat and a+ (O Nat).

For any d € O Nat and any t € Zs, by direct calcula-
tion we obtain

T (I3 A 1T;) = (T A 3T

1
= o 2 o [Tr(IATIG) + (<1) T (I T,T015)
beONat
1
= onie > a[Te(Ty) + (—1)° Te(T.Th)
beON{a,d}+
+ (—].)t Tr(TdTb) + (—1)S+t TI'(TaTdTb)]
1
= 1 [+ e+ (1)t + (e,
(_1)t s+3(a,d)
= (cg + (—1)° " ard)- (29)

Here in the first line we use idempotence of the projector
1T}, and the cyclic property of the trace, in the second line
we use Eq. , in the third line we expand the projectors
and simplify, in the fourth line we use the orthogonality
relations of the Pauli operators, and in the last line we
use the assumption that ¢, = (—1)%*1.



That is, Tr(TIIE AGITS) = — Tr(TI9IE AGILS). In or-
der to not contradict the assumption A, € A, we must
have Tr(H%HZA%Hj) = Tr(HéHflA%Hg) = 0. Then

Tr(TyI; ABIL) = Tr(IIIIS AGILS ) —Tr (LIS AGIIE) = 0.
(30)
This holds for all d € O Na™.
A similar argument shows that Tr(T4II3 ALIIE) = 0 for
all d € a+ (ONat). Therefore, the support of 115 AGTIS
is empty and so II] AGII; = 0. O

Corollary 3. V is closed under Pauli measurements.

Proof of Corollary[3 This corollary follows from a com-
bination of Lemma [2| along with the techniques used in
the proof of Ref. [36] Theorem 3]. Ref. [36] Theorem 3]
reduces a Pauli measurement on an operator of the form
g(A® |o) (o])g" to measurement only on A, along with
Clifford corrections. The statement of this theorem is
for the case where the operator A is a vertex of A, but
it applies to our case as well and the proof is identical.
This idea is closely related to the model of Pauli-based
quantum computation [37] [38].

Consider a phase space point (O,c) € V. By defini-
tion, the corresponding phase space point operator has
the structure

6 =g (46 @l0) (o)) o' (31)
for some Clifford operator g € C¢ and stabilizer state |o),
where A%, is a line graph operator in A. Applying the
projection II?,

I ABIL, =T (46 @ 10) (0]) 1T

—gII%, (Ag, ® o) <a|) gt (32)
Here in the second line we use the defining property of
Clifford operations—that they map Pauli operators to
Pauli operators under conjugation—to map ¢ past II3.

The Pauli observable T, can be decomposed as T,/
T,, ® Ty, where T,, acts only on the subspace of the
Hilbert space supporting Ag/ and T,, acts only on the
subspace supporting |o). Here we have two cases.

Case 1: If +Ty, is in the stabilizer group of |o), the part
of T, acting on the second subspace can be replaced by
the eigenvalue of T,,. In more detail, suppose (—1)"T,,
is in the stabilizer of the stabilizer state |o). Then,

I, ( ¢, ®|o) <a\) I,

=A%, @ o) (o] + (=1) [(TalAg, ® Ty, |o) <a|)

+ (46 To, @ [0 (0] Ty )| + Tay A Tay © Ty l0) (0] T,

=A@ 10) (o] + (-1 | (Te ALy @ o) (o])
+ (48T, ©10) (0]) ] + Tuy AS Ty ® o) (0]

=I5+ AT @ |o) (o] (33)

Now we can apply Lemma

Case 2: If +T,, is not in the stabilizer of |o), then
T,, anticommutes with some Pauli operator in the sta-
bilizer of |o) and the outcome s’ is uniformly random.
Consequently, there exists a Clifford element go € C/
(depending on @’ and &) such that ggTa/gg = Zn_ki1
and g} (Ag, ® |o) <0‘|) g2 = A%, @110 ® |o’) (¢/|. Then
we have

s (Ag, ® o) <a|) I,

e, (45 e e o) () 12, g (30)

=9

Up to normalization this last expression is equivalent to

f(Hx) (45 @M @10 (o'l) (X' H)
92 e \ Ao @1 @ o) (] e 02
= ok (A7), 0 (46 @ 1) (o]) ok (X7 1)
92 I 92 (Ao @ o) (o) 93 I 92
(35)

where H is the Hadamard gate. This operator has the
structure of Eq. . O

Corollary 4. The set of states positively representable
by V in Eq. is closed under Pauli measurements.

Proof of Corollary[f} Suppose a state p has a nonnega-
tive decomposition in Eq. . If a Pauli measurement
T, is performed on p giving measurement outcome s € Zo
the post-measurement state is

I8 pITs 1
al e _ W, (O, &)1 AS T,
Tty i) 2, o
Tr (115 AS) I3 A% TS
D i Wel00) - gl
P N () T(IT3 Ag)
Tr(IT5 AS )#0
(36)

Which gives a positive decomposition in terms of phase
point operators in V whenever W,(O, ¢) is positive. [

C. Classical simulation algorithm

As shown in Sections [VA] and [V B] the generalized
phase space over which the quasiprobability representa-
tion is defined is closed under Clifford gates and Pauli
measurements. This fact allows us to define a classi-
cal simulation algorithm for quantum computation with
magic states that applies whenever the representation of
the input state is nonnegative, Algorithm The proof
of correctness for this algorithm is analogous to the proof
of Theorem 5 of Ref. [12] and the proof of Theorem 2 of
Ref. [I4]. With certain additional assumptions, this al-
gorithm is also efficient, this is the result of the following
theorem.



Input: p,, sequence of gates and measurements C
Output: sequence of simulated measurement outcomes M
1: sample a point (g,|o),AH) € V according to the proba-
bility distribution p,
2: while end of circuit has not been reached do

3:  if a Clifford gate h € C{ is encountered then
£ update (g,]0), A) « (hg,|0) , AD)
5. end if
6: if a Pauli measurement 7,, a € E is encountered then
7 define T, ® Tq, := Tsya
8: if T, |o) = (—1)" |o) then
9: choose s = 0 or s = 1 with probability %
10: add (—1)*+"*T%9(2) to M
11: update g < g - g1
12: update |o) < |s) ® |o)
c t (’)ﬂaf‘
13: update AG « g - (Ac| l) ‘g1
Oﬁal
14: else
15: choose s = 0 or s = 1 with equal probability
16: add (=1)*+%9(®) to M
17: update g < g-gi - (HX®), , - g2
18: end if
19:  end if

20: end while

Algorithm 1: One run of the classical simulation of
quantum computation with magic states based on the
quasiprobability representation defined in Sections [ITI]
and the update rules described in Sections[[VA]and [V B]
We describe points in V (and V) by a triple in accor-
dance with Eq. and g7 and go are defined as in
Lemma, [2] and Corollary [3] respectively. The algorithm
provides samples from the joint probability distribution
of the Pauli measurements in a quantum circuit consist-
ing of Clifford gates and Pauli measurements applied to
an input state p such that W, > 0.

Theorem 2. The classical simulation given in Algo-
rithm |1] is efficient on all input states p for which there
erists a decomposition Eq. with nonzero coefficients
W,(0,¢), and for which samples can be efficiently ob-
tained from the distribution W,.

Proof of Theorem[3 In order to prove efficiency of the
classical simulation algorithm, we must prove (I) exis-
tence of an efficient representation of each component
(i.e. phase space points, Clifford operations, and Pauli
measurements), and (II) efficiently computable updates
of the phase space points under Clifford operations and
Pauli measurements.

(I) Pauli observables are represented by 2n bit strings
(possibly with an extra bit indicating a sign) as in Eq. .
Clifford operations can be specified by a 2n x 2n bit ma-
trix indicating the action of the Clifford on a basis of the
labels of the Pauli operators, Z3", together with an extra
2n bits indicating the signs of the Pauli operatorsﬁ Algo-
rithms for converting between unitary Pauli and Clifford

3 This description of a Clifford operation contains some redundant

operators and this representation exist [39]. In the sim-
ulation, we represent phase space points as in Eq. ,
by a triple (g, |o), A%), where g € C¢ is a Clifford group
element, |o) is a stabilizer state, and Af, is a line graph
operator in A. As above, specifying the Clifford operator
requires a 2n x 2n binary matrix together with an addi-
tional 2n bits. The stabilizer state |o) can be specified
by the generators of its stabilizer group, which requires
2n2+4n bits, namely, 2n? bits to specify the n Pauli opera-
tors that generate the group, and another n bits for their
signs. Finally, specifying A¢, requires specifying its sup-
port O and the coefficients c¢. Every line graph operator
has at most O(n?) nonzero coefficients when expanded in
the Pauli basis [40, 4I]. Therefore, specifying O requires
O(n3) bits. The coefficients ¢ are O(n?) real numbers,
approximation of the coefficients by bits is a matter of
numeric precision.

(IT) Proving efficiency of the the updates of phase space
points under Clifford gates and Pauli measurements re-
lies on the structure of the phase space points in Eq. .
These operators have a stabilizer-like part consisting of
the Clifford operation g and the stabilizer state |o), and a
line graph operator A%. These two parts can be tracked
separately in the simulation. Under Clifford gates, the
line graph operator part is unaffected, and update of
the stabilizer part follows from standard stabilizer tech-
niques. Under Pauli measurements, using now standard
stabilizer techniques [36H38] (described in the previous
section), the measurement can be efficiently reduced to
a measurement only on the line graph part. Efficient up-
date of this part follows from the fact that the line graph
property restricts the number of terms that can appear
when the operator is expanded in the Pauli basis, as al-
luded to above. Some additional details for some of the
steps are provided below.

We consider a circuit on an initial n-qubit state con-
sisting of m Clifford gates and m’ Pauli measurements.
Whenever a Clifford gate is encountered, for the update
in line 4 of Algorithm [l we must compute the compo-
sition of two n-qubit Clifford gates. This requires two
steps: matrix multiplication in Z3" and O(n?) evalua-
tions of the 8 function in Eq. to determine the up-
dated signs of the Clifford operation. The time complex-
ity of each of these steps is polynomial in n.

If a Pauli measurement a € FE is encountered we pro-
ceed in several steps outlined in lines 6-19 of Algorithm[I]
First, we compute Sya, and find the subvectors a; and
az. This involves matrix-vector multiplication in 72",
which has time complexity O(n?), and a partitioning of
the vector into two subvectors depending on the number
of qubits supporting the stabilizer state |o). Determin-
ing whether +7y, is in the stabilizer group of |o) is a

information as the constraint that the Clifford operation must
preserve the commutation relations of the Pauli operators con-
strains the binary matrix to be a symplectic map on E, but it
suffices for our purposes.



matter of determining whether as is in the span of the
Pauli generators of the stabilizer group. This is again a
linear algebra problem in Z2" with that can be accom-
plished using Gaussian elimination (i.e. time complexity
O(n?)). In the case where +7,, is in the group, v can
be determined by recursive use of the relation Eq. on
the signs of the generators of the stabilizer group.

The remaining steps can be easily filled in. They in-
volve linear algebra subroutines in Z3", each with time
complexity polynomial in n. The number of the linear
algebra subroutines that need to be performed is polyno-
mial in m, m’, and n. Therefore, assuming samples can
be efficiently obtained from the distribution representing
the input state of the circuit, the simulation algorithm is
efficient. O

In general, a state p will not admit a decomposition of
the form Eq. such that W,(O,c) > 0 for all (O, c).
Consequently, we define the robustness of a state as

p= Y W(O,04% ;. (37)
(O,c)eV

Since line graph operators are preserved under Clifford
gates and Pauli measurement, the robustness is a mono-
tone with respect to the resource theory of stabilizer
quantum computation [24]. The cost of classical simu-
lation in the presence of negativity can then be related
to this robustness [8]. This generalized robustness is
bounded above by the phase-space robustness of the CNC
construction [I2] and the robustness of magic [9]. See
Appendix [C] for details.

V. NEW VERTICES OF THE A POLYTOPES

The generalized phase space of the present model is
defined in part by looking at intersections of the A poly-
topes. Depending on the subspace with which we inter-
sect, the resulting polytope may share vertices with A.
In this section we show that this is indeed the case. In
particular, we show that, for any number n of qubits, in-
tersecting A with the space of operators with support O
for which the frustration graph of O* is L(K2,41)—the
line graph of the complete graph on 2n + 1 vertices—
gives a polytope which shares vertices with A. This is
the content of Theorem [3] below.

In this case we can determine the coefficients of the
vertices in the Pauli basis as well, thus we obtain a com-
plete characterization of new families of vertices of the
A polytopes for every number of qubits. By polar dual-
ity [15] [32], we also obtain a complete characterization of
new families of facets of the stabilizer polytope for every
number of qubits.

Theorem 3. Define the operator

Al = 2i <1 + % > (1)"<b>Tb> (38)

be O
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FIG. 5. A sketch of a bipartite graph describing the inclusion
relations of elements a; € E\{0} in a set of isotropic subspaces
I; C E each with the property that |[I; N O*| = n. An edge
connects an observable a; on the left to an isotropic subspace
I; on the right if and only if a; € I;.

where OF is any set of Pauli operators whose frustration
graph is L(Kaop11). Then there exist choices for the signs
n : O* — Zy such that the operators A}y of the form
Eq. @) are vertices of A.

The rest of this section is devoted to the proof of this
theorem.

Proof of Theorem[3 By Theorem 18.1 of Ref. [42], to
prove that an operator A}, is a vertex of A, it suffices
to show (1) that A}, is in A, and (2) that the set of
projectors onto stabilizer states which are orthogonal to
A}, with respect to the Hilbert-Schmidt inner product
has rank 4™ — 1 when viewed as vectors of Pauli basis
coefficients.

To start, we can directly compute the inner product
Tr(II5 A}) for any choice of signs 1 and any projector
onto a stabilizer state II7:

r 1 1 r(a b
T AD) =5, + —o SN (@ ® (T, 1)

acl beO*
11 )
:27 + — Z (-1) (a)+n(a)_ (39)
acINO*

Since the largest independent set in L(K5,41) has size n,
this inner product is always nonnegative and so A}, € A.
Also, the inner product is zero if and only if [ITNO*| =n
and 7(a) # n(a) for all a € I N O*. All that remains is
to show that the signs 7 can be chosen so that the set of
stabilizer states for which this inner product is zero has
rank 4" — 1.

Consider the bipartite graph G constructed as follows:
G has a vertex for each Pauli observable a € E \ {0},
a vertex for each isotropic subspace I C E such that
|I N O* =n, and an edge connecting a vertex a € E to



an isotropic subspace I C F if and only if a € I. A sketch
of this graph is shown in Fig. [}l We need to show that
there exists a choice of signs for the edges of this graph
such that each off-diagonal block of the corresponding
signed adjacency matrix has rank 4™ — 1.

Using a graph theoretic result proven in Appendix [A]
(see in particular Corollary@, to establish this it suffices
to show that the graph G has a matching of size 4" —1. By
Konig’s theorem, this is true if and only if the minimum
vertex cover of G has order 4™ — 1. One vertex cover of
order 4™ —1 is obtained by taking all vertices on the Pauli
operator side of the bipartition. Now we must show that
a smaller vertex cover cannot be obtained by removing
vertices from the Pauli side and adding fewer vertices on
the isotropic subspace side. To do this we compute the
degree of each vertex in the graph. If we can show that
the degree of each vertex on the left hand side of the
graph in Fig. [f] is larger than the degree of every vertex
on the right hand side of the graph, then the minimum
vertex cover has size 4 — 1 and the result is proved.

Each isotropic subspace I C E has order 2™, one of
these elements is 0, and so the degree of each vertex on

J

) = | - ”ﬁl <2m2 2j>
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the right hand side is 2" — 1. Now we need to count the
number of isotropic subspaces I C E containing each ob-
servable a € E \ {0}. Here we have many cases. Up to
an overall phase, each Pauli observable T, can be writ-
ten as a product of some subset of the 2n 4+ 1 pair-wise
anticommuting observables Cy, Cy, . . ., Cy, 41 which gen-
erate O by taking pair-wise products. Since the product
of all 2n + 1 of these Pauli operators is proportional to
the identity, this representation is not unique. Each Pauli
observable a will have exactly two factorizations of the
form T, < C,,,C,, - --C,,,, one where k is odd and one
where k is even. Therefore, without loss of generality we
can restrict our attention to the factorizations where k is
even.

Suppose T, < Cp, Cyy, - - Cyy,,.. In order for I C E to
contain a, I must contain a set of m generators, each of
which is proportional to a product of a pair of the opera-
tors Cy,,Cy,, - ... Once these m generators are specified,
the remaining n —m generators of I must be chosen from
products of pairs of operators from the remaining opera-
tors {C1,Cy, ... }\{Cy,,Cys, ...}. Therefore, the number
of isotropic subspaces I containing a is

1 et <2n +1—2m— 2k>

' iso (n—m)! klllo 2
1 2m 2n+1—-2m
_m'(n —m,)I2n H] H J
j=1 j=1
= (2m)!(2n = 2m)!. (2n+1—2m). (40)

For this function, we can establish the bound f(n,m) >
2" — 1 for all n,m. This proof of this bound is given
in Lemma [] in Appendix [B] Therefore, each vertex on
the left hand side of the graph in Figure [5] has higher
degree than every vertex on the right hand side, and so
the minimum vertex cover has size 4 —1. This completes
the proof. O

VI. DISCUSSION

In this work, we presented a new quasiprobability rep-
resentation for quantum computation with magic states
based on generalized Jordan-Wigner transformations.
We demonstrated that this representation has efficiently
computable update rules with respect to Clifford gates
and Pauli measurements. Moreover, it extends previous
representations including those based on quasiprobabilis-
tic decompositions in projectors onto stabilizer states [9],
and the CNC construction [12]. Using this new construc-
tion, we can efficiently simulate magic state quantum

(

circuits on a larger class of input states than was pre-
viously known, thus pushing back the boundary between
efficiently classically simulable and potentially advanta-
geous quantum circuits.

This model has a close connection to the probabilistic
model of quantum computation based on the A poly-
topes. Namely, for each number n of qubits, it defines a
new polytope contained inside the A polytope with some
shared vertices. These vertices include the previously
known CNC vertices [12] 14, [32], as well as some new
infinite families of vertices, as shown by Theorem

Outlook. Our results provide several avenues for fu-
ture research. One possible direction is to look for more
families of vertices of the A polytopes which also have the
line graph structure like those described in Theorem

A more speculative idea is to look at the potential
application of these results for magic state distillation
protocols. One of our results is a characterization of a
new family of vertices of the A polytope. By polar dual-
ity [15], this also gives a full characterization of new fam-
ilies of facets of the stabilizer polytopes for every number



of qubits. Facets of the stabilizer polytope have in the
past been linked to magic state distillation [26]. The
CNC type facets [12] [32], as well as the new facets de-
fined by Theorem [3| could be used in a similar way for
any number of qubits.
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Appendix A: Graph theoretic lemmas

In the proof of Theorem [3] we use some concepts from graph theory. A signed graph G is an undirected graph G
together with a sign function o : Edge(G) — Z that assigns to each edge e of G a sign (—1)7(®). We say a graph has
full rank if its adjacency matrix has full rank. The perrank of a graph G is the order of the largest subgraph of G
which is a disjoint union of copies of K5 and cycles. If G has order N we say G has full perrank if perrank(G) = N.

We use the following Lemma from Ref. [43]

Lemma 3 (Ref. [43], Theorem 2.1). Let G be a graph. Then there exists a sign function o for G such that G° has
full rank if and only if G has full perrank.

In a bipartite graph, all cycles are even, so edges can be removed from any cycle of a bipartite graph to give copies
of K5 which cover the same vertices. Therefore, for bipartite graphs, the existence of an order N spanning subgraph
composed of a disjoint union of edges and cycles is equivalent to the existence of a matching of size N. Thus we get
the following corollaries:

Corollary 5. Let G be a bipartite graph with adjacency matric
0 B

where B is a square matriz. Then there exists a choice of signs o for G so that B has full rank if and only if there
exists a perfect matching of G°.

Corollary 6. Let G be a bipartite graph with adjacency matriz of the form Eq. (Al) where B is a M x N matrix with
M < N. Then there exists a choice of signs o for G so that B has rank 2M if and only if there exists a matching of
order M.

Appendix B: Lower bound on f(n,m)

Here we prove the lower bound on the function f(n,m) defined in Eq. and used in the proof of Theorem
We restate the bound in the following lemma.
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[f(n,m) n\m[ 1 [ 2 ]3] 4]5[2—1]

1 1
2 313 3
3 1519 |15 7
4 105| 45 | 45 |105 15
5 945|315(225|315|945|| 31

TABLE I. The function f(n,m) of Eq. evaluated for all m and for 1 < n < 5. This table, together with the calculation
below show that f(n,m) > 2" — 1 for all n and m.

Lemma 4. For the function f(n,m) defined in Eq. ([40), we have the bound f(n,m) > 2" — 1.

Proof of Lemma[j, The bound is established if we can prove the bound log, (2" f(n,m)) > 2n. For this we use the
exact form of Stirling’s formula

o1

n
21n <E> eTIFT < nl < V2rn (ﬁ> elzn, (B1)
e

€

Applying this to log, (2" f(n,m)), we have

log,(2" £ (n,m)) = log,((2m)!) + log, ((2n — 2m)!) — log,(m!) — log,((n — m)!) + logy(2n + 1 — 2m)

1 log,(e)
> B log,(2m) + 2mlog,(2m) — 2mlog,(e) + %njﬁ
1 1
+ 3 log,(2(n — m)) + 2(n — m)logy(2(n — m)) — 2(n — m) log,(e) + m
1 log,(e)
-3 logy(m) —mlogy(m) + mlog,(e) — om
1 1
-3 logy(n —m) — (n — m)logy(n —m) + (n —m) log,(e) — 12(052_(6371) +logy(2n 4+ 1 — 2m)
=14 2n + mlogy(m) 4+ (n —m)logy(n — m) — nlogy(e) + logy(2n + 1 — 2m)
+ log,(e) ! + ! L !
82 o1 T Um—m)+ 1 12m  12(n—m)
1
>2n 4+ mlogy(m) + (n —m)logy(n — m) — nlogy(e) +1 — %(6)
>2n 4+ mlogy(m) + (n — m)logy(n — m) — nlogs(e) (B2)
Here in the second last step we simply throw away some positive terms and use the fact —ﬁ — ﬁ > —%. In
the last step we use 1 — log,(e)/6 > 0. This expression is minimized at m = n/2, and so we have
logy (2" f(n,m)) = 2n + n(logy(n/2) — logy (€)). (B3)

For n > 6, logy(n/2) > log,(e), and so we can establish the bound logy(2" f(n,m)) > 2n. For the remaining cases
n < 6, we can compute the function and show directly that f(n,m) > 2™ — 1. These remaining cases are shown in
Table [Il Therefore, f(n,m) > 2™ — 1 for all n,m.

O

Appendix C: Comparison with previous simulation algorithms

In this appendix, we compare the simulation algorithm introduced in this work with two prior approaches: (i)
simulation based on quasimixtures of stabilizer states [J], and (ii) the CNC construction [I2]. We compare the
approaches in two ways, in terms of the set of states that admit a nonnegative representation (and hence efficient
classical simulation), and the robustness, a measure of the amount of negativity in the quasiprobability distribution,
for states that do not admit a nonnegative representation.
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Let S denote the set of pure stabilizer states on n qubits and let STAB = Conv({|o) (0| | |o) € S}) be the stabilizer
polytope. We denote by Vone the set of CNC phase space point operators (Eq. @D in the main text), and by V the
generalized phase space used in the present work, with the corresponding state representations

p= S WloNlo) ol p= 3 Wya)da, and p=3 W,(8)As, (1)

loyes a€Venc BeV

respectively. For each classical simulation algorithm, the sets of states with nonnegative representations are

Pstap := STAB, (C2)
Ponc :={p|IW >0in over Vone }s (C3)
Prec:={p|3W >0in over V}. (C4)

For states with no nonnegative representation, we quantify the cost of classical simulation using the robustness [8] 9],

Rsran(p) = min{ [Wlly | p= 3 W(o)|o) (o] } . (C5)

|lo)es
Renel(p) = Inin{HWIIl p= W(a)Aa}, (C6)
a€VoNc
Rea(p) :=min ¢ Wl [p=_ W(B)As ¢, (C7)
BeV

so that Rgrap is the usual robustness of magic [9] and PRy is the generalized robustness used in this paper.

1. States with nonnegative representations

Lemma 5. For n > 2, the three positive regions satisfy the strict inclusions

Psta & Pene € P. (C8)

=

Proof of Lemma[3 (1) Pstap C Ponc: This inclusion follows from the fact that projectors onto stabilizer states
are special cases of CNC phase space point operators. They correspond to phase space points (€2,v) with Q@ =T a
maximal isotropic subspace of Z3". Hence any convex mixture of stabilizer states is CNC-nonnegative.

(2) Pcne € P: According to Eq. , every CNC phase space point operator can be written as A, =
g (Ag2 ® |o) (a\) gt with Q* pairwise anticommuting. The frustration graph of Q* is K,,, which is the line graph
of the star graph K ,,. Hence Ag is a line graph operator of the form , and so Vone C V. Therefore, any
nonnegative CNC decomposition is also a nonnegative decomposition over V.

(3) Strictness: Lemma 4 of Ref. [I2] shows that Pstap C Pcnc. The frustration graph of the set of all Pauli
operators on two qubits is a line graph. Therefore, every 2-qubit state is in Prg. Table III of Ref. [12] shows that

there are 2-qubit states that are not in Pene. Let [¢) be a 2-qubit state in Prg \ Pone, and let |o) be any n — 2-qubit
stabilizer state. Then |[¢) ® |o) is an n-qubit state in Prg \ Pone. Hence, for n > 2 both inclusions are strict. O

2. Robustness comparison

Theorem 4. For alln > 1 and all states p,

1 < Arclp) < Reonelp) < RAstas(p)- (C9)

Proof of Theorem[]] The optimizations defining Rrq, Rene, and Rgrap are linear programs that minimize the 1-
norm over affine slices of the conic hulls of V, Vene, and STAB, respectively. Because S C Vone C V (see proof of
Lemma 7 feasible sets enlarge from right to left and the optimal values cannot increase, giving Eq. (C9). O
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3. Quantifying the gain using new A-vertices

In this section we provide an upper bound on the robustness of magic [9] of the vertices described by Theorem
Lemma 6. For every n > 1 and every vertex A}, described in Theorem 3, the robustness of magic satisfies

2
R (43) < 02 (C10)

Proof of Lemma[6, We work in the Cartesian embedding of A where any X € Herm, (H) is represented by its vector
of Pauli basis coeflicients = where

1
X=g |1+ SoonT . (C11)
bezZ3"\{0}

In these coordinates, the maximally mixed state corresponds to x = 0, and stabilizer polytope facets have the form
1+ v -2 > 0 for suitable normals v.
Let ¢ be the coordinate vector of A}, and let

H:={z|l4+c-z=0} (C12)

be the facet of the stabilizer polytope whose outward normal is ¢. Denote by a the projection of ¢ onto H, and set
b := 0. By construction, a, b, and ¢ are collinear and

c
a= e (C13)

Hence, there is an affine decomposition
c=ta+ (1 -t)b with t=—|c|3. (C14)
This corresponds to a decomposition of A}, as an affine combination of an operator of the form 2% — W(A% — 2%)

that lies on the boundary of the stabilizer polytope, and the maximally mixed state. Since both of these operators are
in the stabilizer polytope, they have nonnegative decomposition in projectors onto stabilizer states, and so this gives
a decomposition of A}, as an affine combination of stabilizer states with coefficients that have 1-norm [t| + |1 — ¢|.
This gives an upper bound on the robustness of magic of

Rsran (40) < [t + 11—t < 2|le]3 +1. (C15)

It remains to evaluate ||c||3 for the vertices of Theorem 3. We have

2 1 1 9 1 1 0]
(4p") = 4 el = 7 (€10
and so
s 0] 2n+1
=-— = . C17
el = o5 = 2 (€17)
Substituting (C17) into (C15|) gives
2n+1 on + 2
Reras(4y) < 2- +1 = , (C18)
n n
which is exactly the bound to be proven. O

Our algorithm is a strict generalization of the CNC construction in the positivity sense (Lemma [5), and its ro-
bustness never exceeds (and frequently improves upon) the CNC robustness (Theorem . For the new A polytope
vertices described by Theorem [3] the robustness of magic obeys the upper bound in Lemma [6] thus giving a modest
improvement over stabilizer-based simulation.



	Simulation of quantum computation with magic statesvia Jordan-Wigner transformations
	Abstract
	Introduction
	Preliminaries
	Notation
	Previous quasiprobability representations
	The CNC construction
	The Lambda polytopes


	Multiqubit phase space from Jordan-Wigner transformations
	Line graphs and Jordan-Wigner transformations
	Definition of the generalized phase space

	Extended classical simulation
	Closure under Clifford gates
	Closure under Pauli measurements
	Classical simulation algorithm

	New vertices of the Lambda polytopes
	Discussion
	Acknowledgements
	References
	Graph theoretic lemmas
	Lower bound on f(n,m)
	Comparison with previous simulation algorithms
	States with nonnegative representations
	Robustness comparison
	Quantifying the gain using new Lambda-vertices



